Among exactly soluble Hamiltonians exists the harmonic oscillator (HO)
Hamiltonian
The equidistant form of its spectrum have attracted attention in quantum control theory [1] and represents, in view of [2] , a ' long sought -after dream'
of ' steering wavepackets into desired states '. Moreover, it fits, via experimental observations, vibrational excitations of molecules and some lowlying energy levels in atomic nuclei.
On the other hand, a free spin -0 field fulfills Klein -Gordon equation
or the Schrödinger formulation of it (E − H)Ψ = 0. Of course there exist two admissible solutions for a given momentum p, i.e. positive and/or negative energy solutions. However, we devote our work to the positive solution in the Schrödinger -formulated Klein -Gordon equation. With the minimal coupling, a Lorentz 4 -vector harmonic oscillator potential is coupled as the 0 -component of the four -vector potential, i.e. E −→ E − eA 0 with eA 0 = mω 2 r 2 /2. Hence, a fully relativistic description of H (HO) leads to the emergence of a quasi -relativistic harmonic oscillator (QHO) Hamiltonian
Which, in momentum representation, implies the one -dimensional Schrödinger 
where r 2 = −h 2 ∆ p , p ∈ (0, ∞),É is the binding energy and l = 0, 1, · · · denotes the angular momentum quantum number. Of course, on the asymptotically physical grounds, the wavefunction Ψ(p) satisfies the boundary con-
A rescal of the variable p through p = √ mhωq would, in turn, lead to a transparent form of Schrödinger equation [3] . Strictly,
where, ε nr,l = 2É nr,l /(hω),
, and the square -root anharmonic oscillator potential (7) simulates a quasi -relativistic squeezing of the harmonic oscillator spectrum.
The transition from the parabolic HO well, in standard coordinate representation, to the hyperbolic shape V SRAO (q), in momentum representation, is claimed to prove phenomenologically useful and methodically challenging. Znojil [3] has, therefore, invested several eligible ( namely, perturbative, variational, Hill -determinant, and Riccati -Padé) methods to construct its bound -states. With the permission of an anonymous referee of his paper,
Znojil has also reported ( in table 2 of [3] ) the referee's results from direct numerical integrations.
Whilst using a quasi -perturbation prescription ( Eq.(11)in [3] ), a loss of precision occurred at "large" α = 1/2 ( table 1(b) in [3] ). Upon which the anonymous referee remarked that it may also cause a loss of the upperbound character of the quasi -perturbation prescription. In accordance with a second referee's remark, being curable by a Padé -type resummation, the loss of boundedness phenomenon may emerge at any α.
To the best of our knowledge, the paper of Znojil [3] is the only available one in the literature, for the quasi -relativistic harmonic oscillator, and merits therefore further considerations.
In this paper we formulate a new method to solve the Fourier transformed Schrödinger equation (4) , with V (q) represented by (6) . Our method consists of using 1/l as an expansion parameter, wherel = l − β, l is a quantum number, and β is a suitable shift introduced, mainly, to avoid the trivial case l = 0. The spiritual soundness of the textbook perturbation theory is therefore engaged. Hence the method should be called pseudoperturbative shifted -l expansion technique (PSLET).
With the noninteger ( irrational) orbital angular momentuml, equation
Where Q is a constant that scales the potential V (q) at large -l limit and is set, for any specific choice of l and n r , equal tol 2 at the end of the calculations [4] [5] [6] [7] [8] [9] . And, β is to be determined in the sequel.
Our systematic procedure begins with shifting the origin of the coordinate through
where q o is currently an arbitrary point to perform Taylor expansions about, with its particular value to be determined. Expansions about this point yield
It should be mentioned here that the scaled coordinate, equation (10) , has no effect on the energy eigenvalues, which are coordinate -independent. It just facilitates the calculations of both the energy eigenvalues and eigenfunctions.
It is also convenient to expand ε nr,l as
Equation (8) thus becomes
with
where the prime of V (q o ) denotes derivative with respect to q o . Equation (14) is exactly of the type of Schrödinger equation for one -dimensional anharmonic oscillator
where P (x) is a perturbation -like term and Λ o is a constant. A simple comparison between Eqs. (14), (15) and (16) implies
and
Equations (18) and (19) yield
Here q o is chosen to minimize ε
which in turn gives, withl = √ Q,
Consequently, the second term in Eq. (15) vanishes and the first term adds a constant to the energy eigenvalues.
The next leading correction to the energy series,lε
nr,l , consists of a constant term and the exact eigenvalues of the unperturbed harmonic oscillator potential Ω 2 x 2 /2. The shifting parameter β is determined by choosinḡ
nr,l =0. Hence
where
Then equation (15) reduces to
and for n ≥ 2
Equation (14) thus becomes
When setting the nodeless, n r = 0, wave functions as
equation (32) is readily transformed into the following Riccati equation:
Hereinafter, we shall use U(x) instead of U 0,l (x) for simplicity, and the prime of U(x) denotes derivative with respect to x. It is evident that this equation admits solution of the form
Substituting equations (35) -(37) into equation (34) implies
where primes of U (n) (x) and G (n) (x) denote derivatives with respect to x.
Equating the coefficients of the same powers ofl and x, respectively, ( of course the other way around would work equally well) one obtains
and integration over dx yields
Similarly,
· · · and so on. Thus, one can calculate the energy eigenvalue and the eigenfunctions from the knowledge of C m,n and D m,n in a hierarchical manner.
Nevertheless, the procedure just described is suitable for systematic calculations using software packages (such as MATHEMATICA, MAPLE, or RE-DUCE) to determine the energy eigenvalue and eigenfunction corrections up to any order of the pseudoperturbation series.
It should be mentioned that the energy series, Eq.(13), could appear convergent, divergent, or asymptotic. However, one can still calculate the eigenenergies to a very good accuracy by forming the sophisticated Padé approximants to the energy series [11] . The energy series, Eq. (13), is calculated up to ε
and with the P N N (1/l) and P
Our strategy and prescription are therefore clear.
Let us now consider the Fourier transformed equation, Eq.(4), with the rescaled variable p = √ mhωq, represented by equations (5)- (7). The substitution of Eq.(6) in (26), for n r = 0, implies
Eq.(25) thus reads
Equation (59) In contrast with Znojil's results ( table 1(b) in [3] ) for "large" α=1/3 and α=1/2, via a quasi -perturbative prescription ( Eq. (11) in [3] ), there is no indication that our series will blow up at higher -orders and ( since, mainly,) our expansion parameter (1/l) is less than one for all values of α reported in the text. Of course there is always the contribution of the (K +1) -term, but so far our prescription is performing so good. Whilst Znojil's prescription marks nice stability for small α, sever oscillations of his series occur at low -order, especially for "large" α=1/2, causing in effect a breakdown in the boundedness character of his prescription. Although this phenomenon is curable by resummation tools like the sophisticated Padé approximants, as suggested by the second referee of his paper [3] , however, this, in our opinion,
shall not dramatically cure the loss of precision in Znojil's results ( table 1(b) in [3] ), to be documented in the sequel. [3] ). However, a typical bizarre characteristic of the RPM is well documented [3, 11] . Namely, it leads to a number of clustered solutions, for a given value of the coupling α, resulting from the existence of several eligible physical roots of the Hankel [11] or Töplitz [3] de-
terminants. Yet the ambiguity of these roots increases with the dimensional growth of the determinants. Although clustering is a good signal of being close to a physical root, a decision on which of these roots is the best has to be made. So far, to the best of our knowledge, a general way of establishing this property has not been found.
The effect of the angular momentum quantum number l on the stability, hence on convergence, and precision is reported in table 2 for α=1/2. Confidently, one concludes that better convergence and more precise numerical results are obtained as l grows up. Similar effect should be expected from the nodal quantum number n r ; l and n r have almost identical effects on our pseudoperturbative expansion parameterl.
The stability of the sequence of Padé approximants ( table 3) Hamiltonian for the potential of a homogeneously charged sphere [13] .
The applicability of our recipe extends beyond the present quasi -relativistic harmonic oscillator model. Some applications are in order. The eigenstates of a hydrogenic impurity in a spherical quantum dot (QD) [14] .
Quasi -two -dimensional QD helium [15] . Two -electrons QD in a magnetic field [16] . Excitons in harmonic QD [17] . Hydrogenic impurity or heavy excitons in arbitrary magnetic field [18, 19] , · · · etc. Table 1 : Ground -state energies , where K represents the first K -terms of Eq.(54) and DNI from direct numerical integration [3] . Table 4 : The effect of l and Padé approximants on convergence and precision for α = 1/2. 
